The singular perturbations theory for a class of nonlinear systems with a bond graph approach is proposed. Also, the state equation of a class of nonlinear systems with singular perturbations modelled by bond graphs is described. Hence, a new junction structure to get the quasi-steady state model for a class of nonlinear systems is proposed. This junction structure has the fast storage elements in derivative causality and the slow storage elements in integral causality. The proposed methodology is applied to a synchronous machine.
Introduction
The synchronous machine has long been the most important of the electromechanical power conversion devices, playing a key role both in the production of electricity and in certain special drive applications.
Synchronous generators form the principal source of electric energy in power systems. Many large loads are driven by synchronous motors, and synchronous condensers are sometimes used as a means of providing reactive power compensation and controlling voltage. These devices operate on the same principle and are collectively referred to as synchronous machines.
Thus, an understanding of their characteristics and accurate modelling of their dynamic performance are of fundamental importance to the study of power system stability.
The modelling and analysis of the synchronous machine has always been a challenge. The problem was worked on intensely in the 1920s and 1930s, and has been the subject of several more recent investigations.
Many books and papers have used the traditional mathematical model of a synchronous machine [1] ; [2] , [3] . Nevertheless in [4] a synchronous machine model considering a class of equivalent circuits with su¢ cient ‡exibility to permit the introduction of an arbitrary number of damper windings. Also, the singular perturbation method is applied to synchronous machine without damper windings in [5] . The transfer function block diagram model of a generator has been employed to analyze generator dynamic characteristic in [6] .
Hence, it is useful to develop mathematical models of a synchronous machine to explain their electric, magnetic and mechanical behaviour. These phenomenons using a bond graph model of the system can be analyzed in a direct and graphical way.
The main key points of the bond graph methodology are: a model containing the energetic junction structure, i.e., the system architecture; di¤erent energy domains are covered and the coupling of subsystems are allowed, the cause to e¤ect relations of each element are obtained graphically; and the state variables have a physical meaning [17, 18, 19] .
A fundamental problem in the theory of systems and control is the mathematical modelling of a physical system. The realistic representation of many systems calls for high-order dynamic equations. The presence of some parasitic parameters, such as small time constants, resistances, inductances, capacitances, moments of inertia, and Reynolds number, is often the source for the increased order and sti¤ness of these systems. The sti¤ness, attributed to the simulations occurrence of slow and fast phenomena, gives rise to time scales. The systems in which the suppression of a small parameter is responsible for the degeneration (or reduction) of dimension (or order) of the system are labeled as singularly perturbed systems, which a special representation of the general class of time scale systems [7] . There are several references of singular perturbations methods, some of them are [8] and [9] . A common approximation used in the analysis of power systems is the neglect of the dynamic saliency in synchronous machines, then singular perturbations can be applied to the model [10] . We can …nd some papers applying bond graph to singular perturbations methods. In [11] describes how the bond graph model is a helpful tool for system analysis in the special case of simplifying the modelling of two time scale systems. The fast and slow dynamics of bond graph models can be estimated by determination of causal loop gains. In [12] the notion of a reciprocal system which, with singular perturbations techniques can obtain more accuracy on the fast time scale behavior of the system.
In this paper the modelling in bond graph of a synchronous machine is presented. In order to determine the quasi-steady model of the machine a junction structure of a new bond graph is proposed. The characteristic of this new bond graph is to assign integral causality to the slow storage elements and derivative causality for fast storage elements. The proposed methodology is applied to the machine model, which is a class of nonlinear systems.
There are some references of singular perturbations applied to synchronous machine. In [13] discusses the use of integral manifolds as a tool for reduced order modeling in nonlinear systems. It is speci…cally addresses its application to synchronous machine modeling. Time-scale decomposition is used to systematically produce improved reduced order models of interconnected multimachine power systems in [14] .
Also, synchronous machine has been modelled by bond graphs [15, 16] . Thus, the proposed paper gives a relation between bond graph with singular perturbation and its application to the synchronous machine.
Section 2 describes the singular perturbation model. The modelling of a class of nonlinear system with two time scale in the physical domain is proposed in Section 3. In Section 4 a quasi steady state model with a bond graph approach is presented. The proposed methodology is applied to a synchronous machine in Section 5. Finally, Section 6 gives the conclusions.
The Standard Singular Perturbation Model
The singular perturbation model of …nite dimensional dynamic systems, extensively studied in the mathematical literature by Tikhonov (1984; 1952) 
was also the …rst model to be used in control and systems. This model is in the explicit state variable form
where f and g are assumed to be su¢ ciently many times continuously di¤erentiable functions for their arguments, x 1 , x 2 , , t. The scalar represents all the small parameters to be neglected [8] .
In control and systems theory, the model (1) and (2) is a step towards reduced order model, a common engineering task. The order reduction is converted into a parameter perturbation called singular. When we set = 0, the dimension of the state space of (1) and (2) reduces from n + m to n because the di¤erential equation (2) degenerates into the algebraic equation
where the bar is used to indicate that the variables belong to a system with = 0 [8] . Also, in a domain of interest (3) has k 1 distinct real roots
This assumption ensures that a well de…ned n dimensional reduced model will correspond to each root (4) . To obtain the reduced model, we substitute (4) into (1) :
and keep the same initial condition for the state variable x 1 (t) as for x 1 (t). In the sequel, we shall drop the subscript i and rewrite (5) more compactly as
This model is sometimes called a quasi-steady state model because x 2 may rapidly converge to a root of (3), which is the quasi-steady state form of (2).
Modelling in Bond Graph of a Class of Nonlinear Systems with Singular Perturbations
The symbolic form of a bond graph in integral causality assignment (BGI) of a system is shown in Fig. 1 . In Fig. 1 , (M S e ; M S f ), (I; C) and (R) denote the source, the energy storage and the energy dissipation …elds and (0; 1; T F; GY ) the junction structure with transformers, M T F , and gyrators, M GY .
The state x 1 (t) 2 < n and x 2 (t) 2 < m are composed of energy variables p (t) and q (t) associated with I and C elements in integral causality for slow and fast variables, respectively; u (t) 2 < p denotes the plant input, z 1 (t) 2 < n and z 2 (t) 2 < m the coenergy vector for slow and fast variables, respectively; and D in (t) 2 < r and D out (t) 2 < r are a mixture of e (t) and f (t) showing the energy exchanges between the dissipation …eld and the junction structure. The feedback between storage …eld and junction structure shows that M T F or/and M GY by using an active bond are modulated.
The relations of the storage and dissipation …elds are linear. These relations are described by
The relations of the junction structure are, 2 6 4 The entries of S take values inside the set f0; 1; k t ; k g g where k t and k g are transformer and gyrator modules. The state space equations are
where
In the next section, a new junction structure of a bond graph to get the quasi-steady state model of a system is presented.
A Bond Graph to determine the Quasi-Steady State Model
A scheme to obtain the quasi-steady state model for a class of nonlinear systems is shown in Fig. 2 . This junction structure proposes to assign derivative causality for the fast storage elements and the slow storage elements have to maintain the integral causality assignment. The junction structure of the Fig. 2 is given by 
The second line of (21) gives
The real roots of the form (4) with (24) are de…ned by
From the …rst line of (21) yields
and the quasi-steady state model is given by
In the next section the proposed methodology is applied to a synchronous machine.
A Bond Graph Model of a Synchronous Machine
Consider the representation of a synchronous machine of Fig. 3 [2] . Fig. 3 . Schematic diagram of a synchronous machine.
In Fig. 3 , we can identify the following elements:
a; b; c : stator phase windings. So, i a ; i b ; i c denote the stator phase currents; v a ; v b ; v c denote the stator phase voltages, r a ; r b ; r c denote the stator phase resistances and L aa ; L bb , L cc denote the stator phase self inductances.
F : …eld winding with i F and v F denote the …eld current and voltage, respectively; r F denotes the …eld resistance and L F denotes the …eld self inductance.
The synchronous generator of Fig. 3 , is represented by six windings are magnetically coupled. The magnetic coupling between the windings is a function of the rotor position. The instantaneous terminal voltage v of any winding is in the form,
where is the ‡ux linkage, r is the winding resistance and i is the current with positive directions of stator currents ‡owing out of the generator terminals. A great simpli…cation in the mathematical description of the synchronous machine is obtained from the Park's transformation. The e¤ect of Park's transformation is simply to transform all stator quantities from phases a; b and c into new variables the frame of reference of which moves with the rotor. Thus by de…nition [1] i odq = P i abc
where the current vectors are de…ned as,
and the Park's transformation is
(39) The angle between the d axis and the rotor is given by
where ! R is the rated angular frequency in rad/s and is the synchronous torque angle in electrical radians. Similarly, to transform the voltages and ‡ux linkages,
In according with Fig. 3 ; we described the bond graph model of the synchronous machine on d-q axis, in Fig. 4 that satis…es the previous conditions of this section. This bond graph is di¤erent respect to [15] on the directions of the bonds 14, 15, 17 and 19, and we use a voltage source on the exciting winding. the constitutive relations of the …elds are
and the junction structure is 
In order to verify that the synchronous machine is a singularly perturbed system, the performance of the fast and slow variables is shown in Fig. 5 , where the numeric parameters are:
7H, L q = 1:64H; M = 1:55H, R f = 11 ; e 1 = 0:105V , e 6 = 30V , e 12 = 165:27V and e 16 = 100N: The corresponding bond graph to get the quasisteady state model is shown in Fig. 6 . Note that, the fast storage elements have derivative causality and the slow storage element has integral causality. The junction of the proposed bond graph is given by H Fig. 7 shows the simulation results of the quasisteady model respect to the slow variable of synchronous machine. Note that, the approximate state p 18 is very close to slow state f 18 of the machine. It is important to know, that the proposed methodology is easy and direct and it can be extended to another class of nonlinear systems.
Conclusion
In this paper a class of nonlinear systems with singular perturbations modelled by bond graphs is presented. A junction structure to analyze the singularly perturbed system is proposed. This junction structure has the fast storage elements in a derivative causality assignment and the slow storage elements maintain an integral causality assignment, with this the quasisteady state model of the system can be obtained in a direct way.
The proposed methodology is applied to the synchronous machine, simulation results are given showing the original states performance and comparing with the quasi-steady state model behaviour, and these results are very close, indicating the e¤ective-ness of the methodology.
